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We considerthe Riemanniangeometryof the spaceof nonsingulardensity matrices�~
equippedwith theBuresmetricg. Thisspaceis ofcertainphysicalrelevanceon thebackground
of generalizationof theBerry phaseto mixedstates.Themain resultis thedeterminationof
thecovariantderivativeandthecurvaturetensorfield relatedto theLevi-Civitàconnectionof
(~,g). It turnsout that~ is not aspaceofconstantcurvatureandevennot a locallysymmetric
spacein contrasttothesuggestionsonegetsfromthecaseof two-dimensionaldensitymatrices.
Moreover,we give alocal descriptionof fi~andexplicit formulaefor g in termsof natural
matrixoperationscontainingpanddponly.
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1. Introduction

The space~ ofnonsingular,normalizednXn densitymatricesp carriesanin-
terestingandquite naturalRiemannianmetric g called the RiemannianBures
metric [1]. It appearson thebackgroundofpurificationof mixedstatesin larger
systemsandof generalizationof the Berry phasein thiscontext(seerefs. [2—4]
andreferencestherein).So it isnaturalto askfor thedifferentialgeometricprop-
ertiesof (~,g).

Themetricgis theinfinitesimalversionof thedistancefunction [5,6]

d(p,,u)=./2_2Tr(p2~h/’2)1/’2

Moreprecisely,g~is theHessianof thefunction ~ ii.-*~(d(p,1u))
2 at the point

~:=p. Equivalentlyg is definedas follows: ThebundlespaceP1 of theprincipal
U(n)-bundlegl(n,C) P1:=‘(~1)_÷~Y,wherelr( W):=WW*, hasthemetricin-
ducedfrom the real part of the Hilbert—Schmidtmetric <X, Y> = Tr XY* on
gl (n, C). Thevectorsorthogonalto the fibres form thehorizontalsubspacesof a
certain connectionon P1. This connectionand the metric on P1 induce the
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Riemannianmetricgon thebasespace~ weareinterestedin. It turnsout that it
is givenby

g=~TrdpG, (1)

wherepG+ Gp= dp,pe~, is theimplicit definition of the hermiteanmatrix val-
uedone-formG (seeref. [4]). The connectionabovewas first consideredby
Uhlmann[10]. Heobservedthatthehorizontalityrequirementforalift of apath
t i-~y(t) E ~ to P1 is anappropriategeneralizationoftheBerry conditionfor mixed
states.

In orderto motivatetheresultspresentedlaterlet usbriefly explainsomebasic
featuresof ( ~,g) in thecasen=2 [1]. ThemappingS~3(Xa)(1±xaUa)E~~,
whereo~arethe Paulimatrices,is adiffeomorphismof the upperhalf-shellof
the unit three-sphereonto ~. Moreover, using p2—p+ p~ll=Oone obtains
G_—~p1(dp+[p, dp] )=dp+~p1dIpl.Thisyields for theBuresmetric [1,7]

~ (2)

Weseethat(~,g) is isometricto anopenhalf-shellof athree-sphereof radius~.

It is a spaceof constantcurvaturewith o(4) as the Lie algebraof Killing fields.
Upto thiscaseno “nice” embeddingof ~ into aflat spaceisknownto theauthor.
Moreover,it is interestingthatthegaugefield correspondingto Uhlmann’scon-
nectionmentionedabovesatisfiesthesource-freeYang—Mills equationD * F= 0
in thecasen= 2 [8].

Theseobservationsfor n= 2 leadto somesuggestionsfor arbitraryfinite non-
degeneratenormalizeddensitymatrices.One of the problemsin studyingthis
spaceis theimplicitnessin the definitionof g. The aimof thiscommunicationis
to answerthe following questions:

1. How canoneobtainformulaeanalogousto (2) forthe Buresmetricinvolv-
ing p, its invariants,“d” andnaturalmatrix operationsonly?

2. Whatis thecovariantderivativeandthecurvaturetensorof theLevi-Cività
connectionon ~? Is ~ a spaceof constantcurvatureor, at least,a locally sym-
metricspace?

3. Whatdoesthespace~ look like in the neighbourhoodof agenericpoint?
A detaileddiscussionandproofscanbefound in ref. [9].

2. Results

Let L~(Re)be the operatorof left (right) multiplicationof matricesby PE ~
anddenoteby L (R) therelatedoperatorvaluedfunctionon ~. Theneqs. (1)
readas
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g=~TrdpL±R(dp)= ~Trdp~, G= L+R (dp)=:~, (3)

wheretilde denotesfor simplicity the applicationof (L+ R) ‘. Ofcourse,g can
be extendedby (3) to ametricon all (not normalized)nonsingulardensityma-
trices,whichwealsodenotebyg. WeregardvectorfieldsX, Y, WandZasmatrix
valuedfunctionsand [X, Y] XV—YXdenotesthe commutatorof such func-
tions.Moreover,let N denotethe functiongivenby N~:=p.

2.1. ALGEBRAIC FORMULAEFORTHE METRIC

Forn=3 weget, usingthe Hamilton—Cayleytheorem—p3+p2-.-a
2p+a31=O,

theidentity

L—R = 1 (Id—L)o(Id—R)o(L—R), (4)
L+R a2—a~

which leadsto a new formulafor the Buresmetric on nonsingular3x3-density
matrices,

1 {2Tr(dp_pdp)2_da2da2+4dJ~dv/~}. (5)
(a2 — a3)

Verifying (4) for adiagonalp andcommoneigenvectorsE1~of L andR it is not
difficult to seehow to obtain algebraicformulaeanalogousto (4) and (5) for
generaln. Onehasto extend l/(L+R) by a polynomialof L+R, suchthat the
denominatorbecomesan invariantofp. Sincethe coefficientsof thecharacteris-
tic polynomialofL +Rareinvariantsofp thisreally canbeachievedand,finally,
onegetsgin thedesiredform.

2.2.THELEVI-CIVITA CONNECTION

Let ~ denotetheflat covariantderivativeon matrices,Vthe covariantderiv-
ative of theLevi-Cività connectionon (~,g) and P1 its curvaturetensor.The
following result allows one to determinedifferential-geometricquantitiesof
(~,g).

Theorem.

VxYxYN~?Ni~+2g(X, Y).N, (6)

P1(W,Z,X,Y)=2g(iN[1~ ?]N,i[JY’çZ])+g(iN[2, ?]N,i[1T’X])

—g(iN[Z,X]N,i[~’ç I’])
+g(Y,Z)g(X,W)—g(X,Z)g(Y,W). (7)
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Consideringforexamplethesectionalcurvature.t’~weget:

Corollary. ~ (p)~ 1 forall planesp. Thespace(~,g) is not ofconstantcurvature
andnot evenlocallysymmetricfor n~ 3.

Thelast statementis in contradictionto suggestionscoming from n= 2. How-
ever,it shouldnot disappoint,becausethepropertyof local symmetrymeansthat
locally thereis no essentialdifferencebetweengoingalongageodesicin adirec-
tion X~,andin theoppositedirection —X,,. But this shouldnot betrue for mixed
states.

2.3. LOCAL STRUCTURE

Foragenericp~~ we havethe decompositionp=u1u
2u*, where)1 :~u2 is diag-

onalwith differenteigenvaluesonly anduEU(n)/T’~.ThentheBuresmetricsplits
as follows:

~ ([u*du,~])}. (8)

Thus,in agenericpointptheRiemannianmanifold(~,g) is locally isometricto
S~’XU(n)/T~,wherethe U(n)-invariantmetric on the homogeneousspace
U(n)/T~givenby the secondterm of (8) dependson theparameter)LE S’.

Theauthoris gratefulto A. UhlmannandG. Rudolphfor helpful discussions.
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